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A  Weighted Wavelet Transform (WWT)

In this section, we provide more details about the Weighted Wavelet
Transform (WWT) H (x) [11, 12, 17].

Given an image X € RFXWXC e first flatten each channel
into a vector x € R®*™W) whose length is H *+ W. H is a linear

transformation on x, i.e., H (x) = Hx. The transformation matrix

(H+W)
HeR 7 *XUW) j5 defined as:

H=C;p®Cy +Cpa ® Cj1 + Cj2 ® Cpy + Cpp ® Cpyy, (1)

where ® denotes the Kronecker product. Cjy, Cy, are two coefficent
matrices for the low-frequency parts and Cp;, Cpy are two coef-
ficent matrices for the high-frequency parts, respectively. Their
definitions are:

(2 2y
V2o V2
0 0 Y2 vz o
Cu=|. . 1 o |erTW,
o 0 0 0 2
)
ooy g
V2o V2
0 0 X2 ¥ .
Co=|. . T 1 . |er®H
o 0 0 0 2

“Corresponding author.

Huabin Wang
wanghuabin@ahu.edu.cn
Anhui Provincial International Joint
Research Center for Advanced
Technology in Medical Imaging,
School of Computer Science and
Technology, Anhui University
Hefei, China

Liang Du
duliang@sxu.edu.cn
School of Computer and Information
Technology, Shanxi University
Taiyuan, China

Peng Zhou"
zhoupeng@ahu.edu.cn

Anhui Provincial International Joint

Research Center for Advanced
Technology in Medical Imaging,
School of Computer Science and

Technology, Anhui University

Hefei, China

and
V2 V2
o o ¥ _¥ .. 0
Cni =1 . . 2 .2 . . . ER%XW:
o 0 0 0 z _¥
®3)
[ ¥z o o 0o 0
V2 V2
o 0o ¥ ¥ ... o o
Cpz=| . . 2 .2 . . . ER%XH'
lo 0o 0o o0 vz _

— N

More details of WWT can be found in [11, 12, 17].

B Proof of Lemma 3.1

Before proving Lemma 3.1, we reclaim our assumption of the dataset
X with K classes. We assume the samples in the k-th class follow
the Gaussian distribution N' (g, X), where p; € R? is the mean
vector of the k-th class and X € RP*? is the covariance matrix and
p is the dimension of data. We denote the prior distribution of each
class as 7y, 73, - - - , k. Then, we have the following Lemma:

LEmMA B.1. Suppose data X satisfies the above assumption. F(-)
is trained on X and A(-) is trained on H(X). Then, for any x € X,
the predicted confidence to the k-th class of ¥ (x), i.e., the k-th logit
of F (x), which is denoted as Fr.(x), is

1
Fie(x) = p 27 (x - SHe) + Inm, 4)

and the predicted confidence to the k-th class of A(H (x)), i.e., the
k-th logit of A(H (x)), which is denoted as A (H (x)), is

AH) = p[Bx = ) +Inm, )
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whereB =HT (HXH")"'H.

Proor. We first prove Eq.(4). Fx(x) denotes the logit that x be-
longs to the k-th class, and in this classifier, the model classifies
x to the k-th class if k = arg max; 7;(x). Therefore, the decision
boundary between the k-th class and the j-th class is decided by
the equation ¥ (x) = ¥;(x). To this end, to calculate F (x), we can
calculate the decision boundary of the k-th class and the j-th class
in our dataset X.

Notice that we assume the samples in the k-th class should follow
the Gaussian distribution N (p,, X). According to [5], we have that
the decisoin boundary between the k-th and the j-th class is

_ 1 _ 1
yZZ l(x—ipk)+ln7rk:p;2 l(x—gyj)+ln7rj 6)

Therefore, we have ¥ (x) = pzzfl(x - %pk) + In 7.

Now, we prove Eq.(5). Consider H (x) = Hx. Since P(x|y = k)
follows the Gaussian distribution N (., X), its linear transforma-
tion P(Hx|y = k) also follows the Gaussian distribution, whose
mean vector is fI, = Hy, and covariance matrix > = HEH" [16].
Take them into the above decision boundary Eq.(6), we have that:

F(H) = 57 (Hx = )+ In @
= (Hp)T(HZH) ™ (Hx - JHp) +Inmg
=p H (HZH") 'H(x - %pk) +1Inm
=pB(x - %pk) + In 7y,

where B = HT (HXH”)'H. This concludes the proof of Lemma
B.1. o

Now, we are ready to prove Lemma 3.1. We compute the gradient
of Fr(x) w.rt. x:

IF(x) _ A7 (x = Fup) +Inmy) g

ox ox M- ®)
This concludes the proof of Lemma 3.1.
C Proof of Theorem 3.2
According to Lemma B.1, we have
K
17 (x) = A(H )2 = \ Z(ﬁ(x) - Ax(H (x)))? ©)
k=1

K

~\f

=\ kZ (u;(Z*l -B) (x - %uk)){

—_

=1

We define D(x) = F(x) — A(H(x)) as the difference vector
function in the logit space. According to Eq.(9), D (x) = M(Z™! -
B)(x - %Pk) (where M = [p1,,.. ., pr]7) is a linear function, and
thus it is L-Lipschitz continuous. More specifically, for any two
vectors x; and x5, we have

1 1\
(ﬂ;z_l (X - Eﬂk) -uB (X - Eﬂk))
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1D(x1) = D(x2)lz = [IM(Z™" = B) (x1 = x2) Iz (10)
< IM(Z™" = B)l2llx1 — xall2

where ||M(Z ™! =B)||, is the spectral norm of matrix M(X~! —B),
i.e, the largest singular value of M(Z ™! — B) and we denote it as L.

Then, given a normal sample x that belongs to the k-th class, its
perturbation is % = x — =™, and the corresponding misleading
sample x* satisfies ||x* — X|| < €. Then, we have:

17 (") = AHE D2 = 1D )]l (11)
= 1DF) - (DEF) - D)2
> [ DRIz - I1DE) - DXl
> |DR)l2 = LIIx" - %Il
2 |D&)l2 - Le
=17 () - A(H(X))l2 - Le

where the first inequality holds because of the triangle inequality,
the second inequality holds because of the L-Lipschitz of D(x) (i.e.,
Eq.(10)), and the last inequality holds because of ||x* — x|| < e.

To ensure that the misleading sample x* satisfies |7 (x*) —
A(H (x*))|l2 = 8, we just need to make || F(X) — A(H(X))|l2 =
S8 + Le, which means:

B{|IF () = AHE), = 6}

12
> P{||F (%) - A(H )|, = 6 + Le}. (12

Hence, we compute the lower bound of P{||F (%) - A(H (%))||> >
§ + Le} now.
Substituting % = x — n% ' . into Eq.(9), we have:

K 2
|1F (%) = ACH )2 =J )y (u} (="' -B) (x - %u,»)) (13)

Jj=1

=

7 =) (5= G )

_ _ 1
p (7' =B) (x— nE "y - Eﬂk)

Let us denote ¢ = (X' = B)p; and z = x — nZ 7 gy — %yk.
Then, Eq.(13) becomes to ||F (%) —A(H (%))||2 = |csz|.We denote
my = ¢} z.

Notice that x ~ N'(p;,X), we have

- 1 1 -
z~ N (F’k -2y - 5!‘1«2) =N (E”k -2y, Z) (14)
Then, my, = csz also follows a Gaussian distribution, i.e., mg ~
2
N(ﬁ(k), (&(k)) ) where i(F) = sCip — nef =7y and 50 =

c;ch. Hence, we have
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P{|F (x) - A(HX)||l2 = 6 + Le} > P{|mg| = § + Le} (15)
=P{my > 6+ Le} + P{mp < —6 — Le}

o[- Ao s+ Le- % mp — g -5 —Le - o
B O &5(k) gk = (k)
8+ Le—jit® —6—Le— o

where ®(-) is the cumulative distribution function (CDF) of the
standard normal distribution N (0, 1). The second equality holds be-

a0
cause that m’; T ,‘:) follows the standard normal distribution NV (0, 1).
Furthermore, due to the symmetric of the Gaussian distribution, we

have 1 — ®(a) = ®(—a) for any a € R. Eq.(15) can be rewritten as:

P{IF ) - A(H(X))|l2 = & + Le} (16)
§+Le— o —8—Le— j®

2 -0 (255 ) o (P

o ~§—Le + ji® ~§—Le - j®

- &) 50

Taking it back into Eq.(12), we have

PUIF() - AHED Iz = 6} a7)
S-Le+ i)\ (=5 Le— i
O R
) —8—Le+ ji® -8 —Le— j®
= i, o[22 o (B

This concludes the proof of Theorem 3.2.

D Proof of Lemma 3.3
Define function f(x) = ®(*3%) + ®(=3*), where ®(-) is the CDF
of the standard normal distribution N (0, 1), a and b are two positive
constants, we now prove that f(x) increases with increasing |x|.
It is easy to show that f(x) = f(—x). Therefore, we just need to
prove that, when x > 0, f(x) increases monotonically with x. We
denote the derivative of ®(x) w.r.t. as ¢(x). Since ®(x) is the CDF
of N(0,1), ¢(x) is the PDF of N(0,1), i.e.,

x2

B(x) = Lﬂe-f (18)

Ver

Then, the derivative of f(x) w.r.t. x is:

L) de()

b
S5 o () = g [ -

Notice that (x — a)?> < (x + a)?> when x,a > 0. Therefore,
_ (x—a)2 _ (x+a)2
e 22 —e 2b?

> 0, and thus dj;(xx) > 0. It means that f(x)

increases monotonically with x when x > 0, which concludes the
proof of Lemma 3.3.
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E Algorithm of BUAL
Algorithm 1 shows the whole process of our BUAL method.

} Algorithm 1 BUAL Algorithm

Input: Unlabeled dataset U, inital labeled dataset £, number of
selection batches T, and the budget B of each selection batch.
Output: The trained model ¥.
Initialize the networks F(-), A(-), and P ().
fort =1to T do
Randomly select candidate subset C from U.
Compute the final score sy;, according to Eq.3 in Section 3.3.
Select B samples of the smallest sg;, for annotation.
Move the B annotated samples from U to L.
Train the nerworks 7 (-), A(+), and P(-) with L.
end for

F Implementation Details

To comprehensively evaluate the effectiveness of our proposed
method, we conduct experiments on four widely used image classi-
fication benchmarks: Cifar10[8], Cifar100[8], SVHN[13], and Tiny-
ImageNet[9]. Both Cifar10 and Cifar100 consist of 60000 color im-
ages evenly distributed across the classes. Cifar10 contains 10 dis-
tinct classes, while Cifar100 contains 100 classes. Specifically, Ci-
far10 has 6000 samples per class, and Cifar100 has 600 samples per
class. All images are 32 X 32 pixels and depict a variety of objects,
including animals, vehicles, and more. Tiny-ImageNet is a reduced
subset of ImageNet [3]. It consists of 200 categories, with a total of
120000 color images of size 64 X 64 pixels. Each category contains
500 training images, 50 validation images, and 50 test images, cov-
ering a wide range of visual objects. SVHN is derived from Google
Street View images and consists of 10 classes. It contains 73257
images used for training and 26032 images used for testing. A brief
summary of these datasets is provided in Table 1.

Following [6, 18, 19], we use ResNet-18 as the classification model
for all the experiments. We adopt the wavelet package sym17 [10]
to implement WWT. The parameter settings of our method and
other compared methods are the same as [6]. In more detail, the
models are trained for 200 epochs, and the batch size is fixed to 128.
For the Cifar10, Cifar100, and SVHN datasets, we use stochastic
gradient descent (SGD) as the optimizer with a momentum of 0.9
and a weight decay of 5 x 10™*. Following [6, 14], for Cifar10 and
Cifar100, we set the initial learning rate to 0.1 and reduce it to 0.01
after 160 epochs. For SVHN, the learning rate starts at 0.01 and is
decayed to 0.001 after 40 epochs. For the Tiny-ImageNet dataset, we
train the model for 100 epochs and adopt the Adam optimizer with
a weight decay of 5 X 107, where the learning rate is initialized to
0.001 and decayed by a factor of 0.1 at 60 epochs. All experiments
are conducted on a workstation equipped with an Intel i7-12700K
CPU and an NVIDIA GeForce RTX 3090 GPU, utilizing the PyTorch
framework. Finally, to mitigate the impact of random initialization
and ensure reproducibility, all experiments are repeated 5 times
with different random seeds, and the average results are reported.
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Figure 1: Classification results with ResNet-50 as the backbone on Cifar10, Cifar100, SVHN and Tiny-ImageNet.

Table 1: Summary of CIFAR-10, CIFAR-100, SVHN, and Tiny-

ImageNet datasets.

Dataset Classes Total Images Image Size
CIFAR-10 10 60000 32 %32
CIFAR-100 100 60000 32X 32
SVHN 10 99 289 32 X 32
Tiny-ImageNet 200 120000 64 X 64

G Experimental results with ResNet-50 as

Backbone

In our experiments (Section 4.2), we use ResNet-18 as the backbone
for fair comparison. However, our active learning method can be
applied to any other image classification backbones easily. To val-
idate this, in this section, we replace the backbone network with
a more widely-used image classification network ResNet-50. The
other experimental settings are identical to our previous settings.

The results are shown in Figure 1. It shows that our method
also outperforms other active learning methods at most time on all
datasets. For example, in Cifar10, when we annotate 3000 samples
(6% samples), our method achieves an average accuracy of 73.90%,
surpassing the second-best method by 1.11%. In Cifar100, when we
annotate 10000 samples (20% of samples), ours achieves an accuracy
of 52.67%, while the second-best one only achieves 51.51%. In SVHN,
when annotating 6000 samples (8.19% of samples), our accuracy
is 95.15%, and the second-best one is 94.66%. In Tiny-ImageNet,
when annotating 30000 samples (30% of samples), our accuracy is
38.58%, and the second-best one is 37.95%. It well demonstrates the
effectiveness of our active learning method in ResNet-50.

H Hyperparameter Study

In our adaptive weighting strategy, we define the weight o as « =
W, where m is a parameter to control when the misleading
score has the same weight as the boundary score. In this section,
we conduct ablation experiments to investigate the effect of m. We

denote T as the total number of the active selection batches, and



Appendix of "Rethinking Uncertainty in Active Learning for Image Classification: When Confidence Is Misleading”

Conference’17, July 2017, Washington, DC, USA

Table 2: Ablation Study on the effect of different m in adaptive weighting stratey on Cifar10 (Test accuracy + standard deviation).

m 1k 2k 3k 4k 5k 6k 7k 8k 9k 10k
0.1T 47.39+2.81 61.28+1.39  71.73£1.10  79.72+2.96  79.72+2.96  86.04+0.25  87.55+0.21  88.64+0.14  89.79+0.09  90.52+0.04
0.2T 46.11+£1.68  58.85+2.37  69.26£2.47  79.28+0.63  82.93+0.22  85.96+0.06  87.45+0.18  88.58+0.03  89.51+0.06  90.16+0.03
0.3T 46.14+1.06  58.34+2.91  68.98+3.55  78.79+2.08  82.91+0.27  85.90+0.20  87.44+0.03  88.74+0.05  89.68+0.07  90.29+0.19
04T  47.9242.09 61.78+1.68  72.40+2.96  80.54+1.16  83.42+0.86 86.11+0.33  87.65+0.21  88.65+0.21  90.00+0.05  90.65+0.12
0.5T 47.07+1.02 62.30+1.32 71.87+1.11 80.33+0.53 83.68+0.34 86.29+0.23 87.78+0.25 88.81+0.62 90.04+0.39 90.82+0.45
0.6 45.99+2.53  59.64+3.37  70.28%£1.63  70.28+7.63  83.42+0.71  85.97+0.20  87.69+0.04  88.92+0.09  90.04+0.10  90.61+0.14
0.7T 46.86+2.34 60.25+2.10 71.38+1.33 79.56+1.75 83.23+0.56 85.92+0.13 85.92+0.13 88.83+0.30 89.92+0.17 90.58+0.03
0.8T 47.56%+2.57 61.11+x2.40 71.04£1.88  80.36+1.01  83.42+0.19  86.12+0.07 86.88+0.15  87.88+0.15  89.75%¥0.01  90.47%0.05
0.9T 48.09+1.46 60.80+2.15 70.13+1.60 79.02+0.78 83.33+0.15 86.34+0.21 87.92+0.06 88.98+0.07 89.92+0.07 90.64+0.20
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get is 10000.

(b) Cifar100 when the labeling
budget is 10000.
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(d) Tiny-ImageNet when the la-
beling budget is 40000.

Figure 2: Classification results with different number of annotations on Cifar10, Cifar100, SVHN, and Tiny-ImageNet.

show the test accuracy on Cifar10 dataset with different m in Table 2.
We show the results when m changes from 0.1T to 0.9T. From Table
2, we can see that model performs best when m = 0.5T. That is why
we fix m = 0.5T in our implementation. In the early training stages
(t < m =0.5T), a higher weight is assigned to the boundary score,
enabling rapid performance improvement. In the middle of training,
ie., t = m = 0.5T, the boundary score and misleading score have the
same weight. In later stages (t > m = 0.5T), the misleading score
will have a larger weight, encouraging the selection of misleading
samples that the model fails to classify correctly.

I Comparison with Other Frequency-domain
Transform

In this paper, we apply the weighted wavelet transform (WWT)
to transfer the data into the frequency domain. In this section, we
replace it with some other widely used transformation, such as the
Fast Fourier Transform (FFT), the conventional Wavelet Transform
(WT), Discrete Cosine Transform (DCT), Gabor Transform (Gabor),
style transformation (Style [7]), and data augmentation (Aug [2]),
to validate the effects of WWT. Figure 2 shows the classification
results on cifar10, cifar100, SVHN and Tiny-ImageNet datasets.
It can be seen that, at most times, our WWT outperforms other
transformation methods, demonstrating the effectiveness of WWT.
That is why we use WWT in our method.

J Efficiency Results

We compare the training time of our method with that of the base-
lines in Figure 3. Note that in this experiment, we count the data
selection time as part of the training time. In Cifar10, we run each

method for 10 selection batches (i.e., annotation budget varies from
2% to 20% with an incremental size of 2%).
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60 Methods E=0urs

Figure 3: Training time (in Sec.) of the AL methods on the
Cifar10 datasets. All the results are measured on a Nvidia
RTX 3090 GPU with a 12th Gen Intel Core i7-12700K CPU.

In Figure 3, we report the logarithm of the running time (in
seconds) for the evaluated methods. We can see that the Coreset
method [15] is the slowest method. It requires solving the K-center
problem iteratively during sample selection, which inherently in-
troduces a time overhead. With the inconsistency-based baselines,
we observe that methods relying on multiple models or multiple
forward passes, such as BALD [4] and Ensemble [1], also exhibit
relatively high computational costs. In this context, the running
time of our method is comparable to these advanced baselines, and
is even slightly more efficient than the Ensemble method. The com-
putational cost of our approach primarily stems from the current
implementation, which needs to train two network architectures
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(i.e., the spatial-domain main model and the frequency-domain aux-
iliary model) serially. While this inevitably incurs an additional time
cost compared to lightweight single-modal methods, it is worth
noting that the computations of these two models are strictly de-
coupled and isolated during both the training and sample selection
phases. Therefore, in practical deployments, their execution can be
easily parallelized (e.g., distributed across multi-GPU setups). With
parallel computing, the actual training time of our method could
be significantly reduced, improving its efficiency while retaining
the powerful bi-modal analytical capability.
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